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How to use this book
This book has been designed to help you master all the required content for C3 and C4. It
is not structured like most maths courses you have previously taken, and you will �nd it re-
quires a di�erent approach on your part.

Each lesson you will be set a number of problems—usually between 8 and 10—to prepare
for the next lesson. They should take 40-50 minutes in total. You might not always be able to
fully solve all problems, but we expect you to attempt as many as you can. In class, you will
be expected to present your solutions and discuss solutions that others have shared. Lessons
are your principal opportunity to ask for help on material you couldn’t do, so be prepared
to ask other students how they solved problems or how they knew what approach to take.
Discussion should take about 40 minutes in your lessons, and the remainder of the time will
be spent looking at problems from the review exercises.

How you take notes is very much up to you, but we have put icons in the margin when-
ever we think there is a topic on which you are likely to want to take notes. If you are unsure
what you are supposed to have understood from a question, ask your peers.

Some questions include references to previous questions in square brackets like this: [XXV-4].
This means that the content of the question follows on from the material in problem 4 from
sheet 25. If you don’t know straightaway how to tackle the problem you are looking at, you
might like to follow the reference to see if it sheds any light on the problem.

The back of the book contains a glossary of terms—some familiar, some unfamiliar. Terms
that appear in italics in the text appear in the glossary, as do a number of general terms which
you are expected to know.

Each lesson will involve discussing the problems you have prepared for homework in prepa-
ration for the next sheet of problems. Don’t try to get ahead, therefore, as it will render the
discussion less valuable. If you have spare time and want to do more, it is better to look at old
questions and satisfy yourself that you really understand them.

You will have a fortnightly test, lasting 40 minutes and worth 30 marks. Use your textbook,
or the review exercises provided, to help you prepare.

Please complete all your solutions in one place, either in an electronic workbook which is
shared with your teacher, or in the notebook provided by your teacher. Although your work
will not be taken in for regular assessment, you should always be ready to show it to your
teacher.
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I
1. The diagram below shows a unit circle, with cosθ and sinθ de�ned in the customary way,

as the x and y coordinates respectively of the point (0, 1) after it has been rotated by an
angle θ about the origin.

x

y

θ

cosθ

sinθ
1

secθ

cosecθ

cotθ

tanθ

Four other lengths, tanθ , cotθ , secθ , and cosecθ are also de�ned.
(a) Use similar triangles to show that this placement of tanθ is consistent with the de�-

nition that tanθ =
sinθ
cosθ

.

(b) Show that cotθ =
1

tanθ
.

(c) Show that secθ =
1

cosθ
.

(d) Form a similar expression for cosecθ .
These relationships hold for all angles.

2. A large water pump is emptying a reservoir. LetV be the volume of water in the reservoir
in litres, E be the amount of electricity consumed by the pump and t be the time in minutes
for which the pump has been running.

(a) Explain what is represented by the three quantities
dV
dt

,
dE
dt

and
dE
dV

.

(b) The machine is pumping 40000 litres per minute and it uses 4.7 joules per litre pumped.
At what rate is it consuming energy in joules per minute?

3. A vending machine makes a pro�t of 14p for each can sold, and sells cans at a rate of 32
cans per hour. Find the rate at which it makes pro�t.
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4. A function is a rule which associates members of one set—the domain—with members of
another set—the range. Many functions deal with numbers—indeed this is the kind you
are most used to working with—but this need not be the case.
Set C is the set of all countries in the world. Set D is the set of all the cities in the world.
The function F is such that when F is applied to any member ofC , the output is the capital
city of that country. For example, F (France) = Paris.
(a) What is F (Belgium)?
(b) If F (z) =Washington DC, what is z?
(c) Are there any elements, x , in C such that F (x ) = x?

5. A CNC machine is an automated milling machine used to cut industrial components. It
is operated by a precisely programmed computer that controls the cutting blade in up to
�ve directions. We will consider a CNC which has two distinct perpendicular axes, which
we will model with the x-axis and y-axis. The CNC machine needs to be programmed
for each direction separately and the inputs are always functions of time, t , measured in
seconds.

Mr Miller enters the following functions into the CNC machine’s computer:

x = t + 4 and y = 25 − t2

and runs the program for 5 seconds.
(a) Copy and complete the following table of values.

t 0 1 2 3 4 5
x
y

(b) Hence plot a graph of the cut made by the CNC machine.

6. My kitchen �oor is covered with uniform square tiles which we will model with coordinate
axes. In one corner of the room there is a mouse hole, which we will de�ne to be (0, 0).
In the middle of the night the mouse is sitting at (3, 5). The mouse can smell a crumb of
cheese at (10, 4) and scurries over to eat it. Use a column vector to describe the mouse’s
journey.

7. A rectangle has width 1 + √5 m and area 1 + 5√5 m2.
Find its perimeter.

1 + √5

8. A geometric series has �rst term x and second term (x − 3). Given that its sum to in�nity
is 25

3 , �nd the value of x .
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II
1. [I–2] By considering what each represents, write down an equation linking dV

dt , dE
dt and

dE
dV . Use your equation to �nd:

(a) dE
dt , given that dV

dt = 35000 litres per minute and dE
dV = 5.2 joules per litre;

(b) dV
dt , given that dE

dt = 220000 joules per minute and dE
dV = 4 joules per litre.

2. Solve the equation sin 2θ = 0.5, giving your answers in an exact form in the interval
[0, 4π ].

3. Consider the family of functions y0 = 1; y1 = 1 + x ; y2 = 1 + x + 1
2x

2.

y

x

y0

y1y2

(a) Show that d
dxy1 = y0 and d

dxy2 = y1.
(b) Show also that y0(0) = y1(0) = y2(0).
(c) Find similar functions y3 and y4 such that d

dxy3 = y2,
d
dxy4 = y3, and both functions

are equal to 1 when evaluated at 0.
(d) Suppose there exists a polynomial functionyω such that d

dxyω = yω andyω = 1. What
could such a function be like?

4. Set O is the set of all words with entries in the Oxford English Dictionary. Function G
maps any word to the lower case form of its initial letter. For example, G (purple) = p,
and G (quidditch) = q. This is true even though “quidditch” does not appear in the OED.
(a) Set A is the image ofO underG. This means that set A is the set of all the results you

get when you apply G to elements of O . Describe set A.
(b) Is it possible to determine a word given that its image underG is the letter “p”? Why?

5. Write down exact values for each of the following: sec 30°, cosec 45°, cot 210°, sec(−40°),
cosec 270°, cot(−60°).

6. We de�ne parametric equations to be pairs of equations of the form x = f (t ) and y =
д(t ). They are often useful for describing curves that would have complicated Cartesian
equations i.e. those of the form y = f (x ). We can transfer parametric equations into
Cartesian equations by eliminating the parameter t . Transform the parametric equations
x = t + 4 and y = 25 − t2 into a Cartesian equation. Relate your answer to [I–5].
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7. We de�ne i =
(
1
0

)
and j =

(
0
1

)
as unit vectors in the x and y direction respectively. For

example the vector
(
3
4

)
can be written 3i + 4j. Write the following in i and j notation:

(a)
(
−1
5

)
(b)

(
3
−6

)
(c)

(
−2
−3

)
(d)

(
8
0

)
8. Show that the line L1 : y = 10 + x meets the curve C1 : y = 8x − x2 at (2, 12) and (5, 15).

Find the area bounded by L1 and C1.

0 2 4 6 8
0

4

8

12

16

20
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III
1. [II–1] Just as you have observed that

dV
dt
×

dE
dV
=

dE
dt
,

we may say in general that
dy
dx
=

dy
dt
×

dt
dx
.

This is known as the chain rule. In each case below, �nd dy
dx given dy

dt and dt
dx .

(a) dy
dt = 20, dt

dx = 5

(b) dy
dt = 4x , dt

dx = 3x

2. [II–3] Let yω = 1 + x + 1
2!x

2 + 1
3!x

3 + 1
4!x

4 + · · · . Use your GDC to sketch a graph of yω .
Find the value of yω (0), yω (1), yω (2), yω (3), each correct to 1 decimal place. What sort of
sequence do the values form?
Hint: You will need to include several terms in the expansion of yω to get accurate �gures. Use your
calculator carefully, or a computer, and include the terms as far as 1

9!x
9

3. For each of questions I–4 and II–4, identify in each case the domain and range for the
functions F and G.

4. Solve the following equations, giving your answers in an exact form in radians in the
interval [0, 2π ].
(a) cotθ = 1;
(b) cosecθ =

√
2;

(c) secθ = 2√3
3 .

5. Mr Miller enters the programme



x = cos t
y = sin 2t

into his CNC machine, and runs the pro-

gramme for π seconds.
(a) Copy and complete the following table of values. Where appropriate, round your

values to 2 decimal places.

t 0 π
6

π
3

π
2

2π
3

5π
6 π

x

y

(b) Hence plot a graph of the cut that the CNC machine makes for [0,π ].
(c) Extend your graph to predict the cut that would be formed if the machine ran for 2π

seconds.

6. The mouse is loose on my kitchen �oor again. He starts at (2, 7) and travels along a vector

of
(
1
−3

)
to a crumb of cheese. He then sni�s out a crumb of bread which he believes would
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go well with his lovely bit of cheese. He takes the vector
(
3
1

)
to get to the bread. Find a

vector to describe the total journey taken by the mouse.
Explain what it means to add two vectors, and why it is relevant to this question.

7. Given that f (x ) = x3 − 8x2 − 5x + 84,
(a) �nd f (7);
(b) factorise f (x ) fully;
(c) �nd the remainder when f (x ) is divided by (2x − 1).

©Wellington College, 2016 7 C3/C4 (Further Mathematics)
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IV
1. [III–1] We wish to �nd the derivative of y = (2x + 3)4.

(a) Explain how you could use the binomial expansion to help you �nd dy
dx .

(b) By letting t = 2x + 3, write an equation for y in terms of t .

(c) Show that dy
dt = 4t3 and �nd an expression for dt

dx .

(d) Hence �nd an expression for dy
dx . Give your answer in terms of x .

(e) Consider the binomial expansion of (2x + 3)4. Show that your answer to (d) corre-
sponds to that obtained by di�erentiating y directly.

(f) Find dy
dx if y = (5x + 6)4.

2. [III–2] Given that yω forms a geometric sequence when evaluated at integer points, �nd
its common ratio and express yω (n) as a function of n. Does your function also correctly
predict the value of e.g. yω (0.5)?

3. Given that f (x ) = x3 − 4x2 − 3x + 18, fully factorise f (x ).
Hence sketch the graph of y = f (x ) without the aid of technology.

4. Find the centre and radius of C1, the circle with equation x2 − 8x + y2 − 6y − 75 = 0.
Hence or otherwise determine whether the point A(8, 12) lies interior or exterior to C1.

5. Function f is de�ned such that f (x ) = 3x + 3.
State the range of f when its domain is
(a) {3, 4, 5, 6};
(b) {5, 7, 9, 11, ..., 51};
(c) The interval [0, 1] (i.e. the set of x such that 0 6 x 6 1);
(d) The real numbers, R.

6. cosα = 0.8 and α is acute.
Find the values of sinα , tanα , secα , cosecα , and cotα .

7. The curve de�ned by parametric equations

x =
t + 1
t − 1

and y = 6 − t

meets the x-axis at A and the y-axis at B. Find the shortest distance between A and B.

8. The mouse is out and about again this evening. By now we’re quite well acquainted and
I’ve a�ectionately named him Martin. Martin starts at (4, 8) and travels to (9, 9) to munch
on a stray piece of sweetcorn. Find the distance travelled by Martin on his journey.
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Review I-IV
1. The set A is the set of all the words in the Oxford English Dictionary. The function F is

de�ned such that when F is applied to any member of set A, the output is the same word
with the vowels removed. For example F (dinosaur) = dnsr
(a) State the range of the function F .
(b) Determine F (alligator).
(c) If F (z) = mnky, �nd a possible word represented by z.

2. Write the following vectors in column vector notation.
(a) 7i − j
(b) 4i + 6j
(c) 1

2 j

(d) −i

3. The chain rule is given by dy
dx =

dy
dt ×

dt
dx .

(a) Given that dy
dt = 7 and dt

dx = 4x , �nd dy
dx .

(b) Given that dy
dt = 8t2 and dy

dx = 16x , �nd dt
dx .

(c) Given that y = 14t3 and dt
dx =

1
7 , �nd dy

dx .

(d) Given that dy
dt = 7 and x = t2 + 3t − 4, �nd dy

dx .

4. Write down exact values for each of the following:
(a) cosec 135°;
(b) sec 330°;
(c) cot (−540°);
(d) sec (−135°);
(e) cosec 225°;
(f) cot 420°.

5. By letting t = x2 + 3x , and using the chain rule, di�erentiate y = (x2 + 3x )3.

6. Find a Cartesian equation for the curve with parametric equations x = 4t2 and
y = (t − 1) (t + 2).

7. The points A, B, C and D have coordinates (1, 5), (−1, 1), (2,−2) and (7, 8) respectively.
Using i and j notation �nd the vectors describing the following:

(a) −→AB

(b)
−−→
AD

(c)
−→
BC

(d)
−−→
DC

©Wellington College, 2016 9 C3/C4 (Further Mathematics)
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(e) Using your results above, show that
−→
AB and

−−→
CD are parallel.

(f) Hence describe quadrilateral ABCD.

8. Solve the following equations, giving your answer in degrees in the interval [−180°, 180°].
Where appropriate, round your answer to one decimal place.

(a) cosecθ = 2√3
3

(b) 3 cotθ = 4
(c) 5 secθ = 9
(d) cotθ = tanθ
(e) sec2 θ = 2

9. Explain why the equation cosecθ = 1
2 has no solutions.

10. (a) Using a table of values for −3 < t < 3, draw a graph of the curve with parametric
equations x = 2t2 − 3, y = 3t .

(b) Use algebra to determine the exact values at which the curve crosses the coordinate
axes.

(c) Find a Cartesian equation describing the curve.

11. The set A is the set of all the words in the Oxford English Dictionary. The function G
is de�ned such that when G is applied to any member of set A, the output is number of
distinct letters the word contains. For example G (penguin) = 6 since the n is repeated
twice.
(a) Find G (pescatarian).
(b) State the range of the function G.

Hint: Some brief research may be required...

(c) If G (z) = 7, �nd a possible word represented by z.

12. Given that secθ = 13
12 and θ is acute, �nd the values of cosecθ and cotθ .

13. Martin the mouse leaves his mouse hole at O and travels to (7, 3). He then takes a vector
of −3i + 5j to �nd a piece of cheese. Once he has nibbled his way through the cheese, he
then takes a vector of 9i − 4j to �nd a delicious piece of chocolate Hobnob. After he eats
the Hobnob, he goes directly home to his mouse hole for a snooze.
(a) Write down the coordinates of the piece of cheese.
(b) Write down the coordinates of the chocolate Hobnob.
(c) Use a column vector to describe Martin’s journey home.
(d) Find the total distance travelled by Martin on his adventure this evening.

C3/C4 (Further Mathematics) 10 ©Wellington College, 2016
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V
1. Using the methods of IV–1 (b) and (c), di�erentiate

(a) y = (5x + 3)6;
(b) y = (2x − 4)11.

2. Find two di�erent functions that have domain [0, 2] and range [2, 6].

3. [IV–2] We de�ne Euler’s number, e, to be yω (1), and hence write:

yω = 1 + x +
1
2!
x2 +

1
3!
x3 +

1
4!
x4 + · · · = ex .

Since d
dxyω = yω , we observe that d

dx e
x = ex .

Explain why d
dx e

2x = 2e2x and �nd the derivatives of: y = e3x+1; y = ex2+3;y = (e3x + 6x )3;
y = xe + ex .

4. sinα = 0.96 and α is obtuse.
Find the values of cosα , tanα , secα , cosecα , and cotα .

5. Mr Miller enters the programme



x = 2t + 3
y =

√
(2t − 1) (t − 1)

into his CNC machine and sets

the timer for 5 seconds. He presses the start button but the CNC computer displays an
error message. Explain why the CNC machine is unable to cut the programme Mr Miller
entered.

6. If v =
(
vx
vy

)
, we de�ne |v| =

√
v2
x +v

2
y to be the magnitude of v. Find the magnitude of the

following vectors.

(a)
(
3
4

)
(b)

(
−5
12

)
(c) 24i − 7j
(d) −0.96i + 0.28j
(e) i − j

7. Recall that the matrix Mθ , where

Mθ =

[
cosθ − sinθ
sinθ cosθ

]

represents a rotation by θ anti-clockwise about the origin.
By considering the matrix product MBMA,
(a) show that cos(A + B) = cosA cosB − sinA sinB, and
(b) derive a similar expression for sin(A + B).

©Wellington College, 2016 11 C3/C4 (Further Mathematics)
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VI
1. Find dy

dx given
(a) y = (2x + 5)4;
(b) y = (11 − 3x )8;
(c) y =

√
2x + 1;

(d) y = (2x2 + 5)6.

2. The function f is de�ned such that

f (x ) =

{
2x 0 6 x < 10
3x − 10 10 6 x 6 20 .

(a) State the domain and range of f .
(b) Find: f (3); f (13);f ( f (7)).
(c) Solve: f (x ) = 15; f (x ) = 23.

3. NAD and NBC are circular arcs centred on O , and OB = 1.
The angle θ is measured in radians.

θ

O A B

C
D

(a) Find
(i) the length of NBC;

(ii) the lengths of AC and OA;
(iii) the length of NDA.

(b) By comparing the lengths of AC and NBC , show that sinθ < θ .
(c) By comparing the areas of sector OAD and triangle OAC , show that θ cosθ < sinθ .
(d) Hence explain why as θ → 0, sinθ → θ .

Hint: This type of argument is known as a ‘sandwich argument’.

4. [V–7] By considering the unit circle de�nitions of the sine and cosine functions, show
that sin(−θ ) ≡ − sinθ and cos(−θ ) ≡ cosθ .
Hence show that cos(A−B) ≡ cosA cosB + sinA sinB and derive a similar expression for
sin(A − B).

5. [V–3] Find the tangent to the curve y = e2x−1 at the point where x = 1.5. Give your
answer exactly in terms of e.

C3/C4 (Further Mathematics) 12 ©Wellington College, 2016
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6. By considering their unit circle de�nitions, or otherwise, prove that

secθ cosecθ ≡ tanθ + cotθ .

7. Martin is back and feeling peckish. He leaves his mouse hole and takes the vector
(
8
4

)
for a

bit of discarded chicken and then takes the vector
(
−1
8

)
but starts to feel a bit sick—maybe

it was the chicken?—and he stops. What is the shortest distance between Martin and his
mouse hole?

©Wellington College, 2016 13 C3/C4 (Further Mathematics)
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VII
1. The natural domain of a function is the largest possible domain it can take within the real

numbers. For example, if f (x ) =
√
x − 1, the natural domain of f is the set {x |1 6 x }.

Write down the natural domain of the following functions:
(a) a(x ) =

√
x + 7

(b) b (x ) =
√
3 − 2x

(c) c (x ) = 3√2 + 2x

(d) d (x ) =
a

x − b

(e) e (x ) = x ! −
1

x − 5

(f) f (x ) =
1

x2 + x − 1
(g) д(x ) =

√
1 − x −

√
1 + x

2. You have already derived four compound angle identities, usually summarised:

sin(A ± B) ≡ sinA cosB ± cosA sinB

cos(A ± B) ≡ cosA cosB ∓ sinA sinB

(a) Explain the signi�cance of the symbol “∓” in the cosine identity.
(b) Use the fact that tanθ ≡ sinθ

cosθ to derive expressions for tan(A + B) and tan(A − B) in
terms of tanA and tanB.

(c) Use the symbols ± and ∓ appropriately to express the two formulae as a single iden-
tity.

3. A curve is given parametrically by the equations

x = 3qt2 and y = 4(t3 + 1)

where q is a constant. The curve meets the x-axis at A and the y-axis at B. Given that
����
−→
AB

���� = 5, �nd the possible values of q.

4. (a) Write down the derivatives with respect to x of the following.
(i) (2x + 3)5

(ii) (2x + 3)−3

(iii)
√
2x + 3

(b) Hence or otherwise �nd the following:

(i)
∫

1
√
2x + 3

dx ;

(ii)
∫
10(2x + 3)4 dx ;

(iii)
∫

6
(2x + 3)4

dx .

C3/C4 (Further Mathematics) 14 ©Wellington College, 2016
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5. We de�ne a position vector of a point A as the translation from the origin to A, i.e. the
vector

−−→
OA. The pointsA and B have coordinates (3, 9) and (2, 5) respectively. Write down

the position vectors of A and B. Hence �nd
−→
AB, the vector from A to B.

6. A student suggests that y = cosx can be approximated with a quadratic curve for values
close to x = 0. If the quadratic curve is to be of the form y = ax2 + bx + c , explain why
c = 1 and b = 0 will be necessary if a good approximation is to be found.

©Wellington College, 2016 15 C3/C4 (Further Mathematics)
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VIII
1. A building has a cross-section whose outline may be modelled by the curve y =

√
4 + 2x

as pictured. Units are measured in metres and the thickness of the walls and roof may be
neglected.

A

B

A1B1 (6, 0)(−2, 0)

Supporting struts are attached to the roof at A, where x = −3
2 , and B, where x = 0 The

struts lie tangent to the roof where they meet it.
Find
(a) the maximum height of the building and its height at B;
(b) d

dx
√
4 + 2x ;

(c) the equations of the tangents to the curve y =
√
4 + 2x at A and B;

(d) the coordinates of A1 and B1, the points where the struts meet the level ground;
(e) the length of the two struts.

2. (a) Explain why ∫
e2xdx =

1
2
e2x + c .

(b) Use your knowledge of the exponential function to show that∫ 3

1
e3x dx =

1
3
e3(e6 − 1).

(c) Evaluate ∫ 5

4
(e2x + 1) dx .

3. Explain what is meant by the range of a function.
Find the range of the following functions given their stated domains.
(a) a(x ) = 3x + 4; 2 6 x 6 7
(b) b (x ) = x2 + 5; 4 6 x 6 10
(c) c (x ) = x2 − 2x + 3; 0 6 x 6 5
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4. (a) Write down exact expressions for the values of sinx , cosx , and tanx for
x = 30°, 45°, 60°.

(b) [VII–2] Hence �nd exact expressions for sin(15), cos(105), and tan(75).

5. Mr Miller enters the programme



x = sin t + 2
y = cos t + 5

into his CNC machine, and runs the

programme for 2π seconds.
(a) By using a suitable table of values, plot a graph of the cut the CNC machine makes.
(b) By interpreting your graph, write down a Cartesian equation for these parametric

equations.
(c) Prove that your Cartesian equation describes the same curve as the parametric equa-

tions algebraically.

6. Martin is still feeling unwell from the other night. He has left an unfortunate mess on my
kitchen �oor and he is desperately trying to remember where it was so he can clean it
up. He knows that the o�ending article must lie between (2, 13) and (8, 8) and he vaguely
remembers that he was 2

3 of way to (8, 8) having left (2, 13). Find the position vector of
Martin’s special o�ering, P .

7. [VII–6] Draw the graphs y = cosx , y = 1 − 1
2x

2, y = 1 − x2, and y = 1 − 3
2x

2 on the same
axes.
Which of the parabolas provides the best approximation for y = cosθ for small θ?
What makes an approximation ‘good’ in this context?

8. Find
∫ 3
2 (3x + 1)

3 dx .
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Review Exercise V—VIII
1. Di�erentiate the following using the chain rule:

(a) y = (3x2 + 7)5;
(b) y = (5x3 + x )4;

(c) y =
(
4 − 1

2x
)7

;

(d) y =
√
x4 − 4x + 1 .

2. Write the following as a single sine or cosine:
(a) cos 125 sin 35 − sin 125 cos 35;
(b) cos 70 cos 110 − sin 70 sin 110.

3. Find the range of the following functions
(a) a(x ) =

√
x − 4

(b) b (x ) = (sinx )2

(c) c (x ) = 3 − 2x+1

(d) d (x ) = x−2 + 6x − 5

4. Mr Miller enters the programme




x = 4at2

y = a (2t − 1)

(where a is a constant) into his CNC machine and runs the programme. The cut passes
through the point (4, 0). Find the value of a.

5. Given that a = 3 cosecθ , b = 2 sinθ and c = cotθ ,
(a) Express b in terms of a.

(b) Show that c2 =
4 − b2

b2
.

6. Find the magnitude of the following vectors
(a) 3i + 7j
(b) 0.6i + 0.9j
(c) 2

3 i −
4
9 j

(d) ai + bj

7. Find the equation of the tangent to the curve y = e3x+2 at the point where x = 2. Give
your answer exactly in terms of e.

8. The parametric equations of a curve are given by



x = 2 sinθ − 1
y = 5 cosθ + 4

(a) Using a suitable table of values in the interval 0 6 θ 6 2π draw a graph of the curve.
(b) Find a Cartesian equation for the curve.
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9. The function f has the domain [−3, 6] and the range [0, 3]. Find a possible function for f .

10. Given that sin
(
x + π

6

)
= 2 cos

(
x − π

3

)
, �nd the exact value of tanx .

11. Prove that:
(secθ − sinθ ) (secθ + sinθ ) ≡ tan2 θ + cos2 θ

12. Martin the mouse has left his mouse hole for the evening. He is standing at the point
(2, 7). My girlfriend has brought her blind cat to stay this evening. Martin needs to tip-

toe carefully around the cat without making too much noise. He takes the vector
(
1
−4

)
followed by the vector

(
3
2

)
.

(a) Write down the coordinates of Martin’s new position.

Without changing his position, Martin decides to wake up the cat so he can get some

exercise. He takes a vector of
(
2
4

)
immediately followed by a vector of

(
−7
1

)
.

(b) Write down the coordinates of Martin’s position now.

The cat, who starts at (6, 5), unaware of Martin’s change of direction, continues in the

same direction as
(
2
4

)
for a total distance of 10 units before he hits the corner of the

fridge.
(c) Write down the coordinates poor kitty hits his head.
(d) Find the distance between Martin and the cat now.

13. Find the gradient of the curve with equation y =
2

√
5x2 − 3x

at the point
(
1,
√
2
)
. Give

your answer as a simpli�ed surd.

14. The functions f (x ) and д(x ) are de�ned as f (x ) =
1

2x + 5
and д(x ) = x2.

(a) Write down the domain of f (x ).
(b) Write down the range of д(x ).
(c) Find f д(3).
(d) Solve д f (x ) = 9. Give your answers as exact fractions.
(e) Write down the range of д f (x ).
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IX
1. Find dy

dx given
(a) y = 1

4x−7 ;

(b) y = (5x2 + 3x + 1)4;
(c) y = (x2 + 1)

1
2 .

2. A cheese-and-pickle sandwich slides unnoticed behind the radiator in my o�ce and in
doing so becomes a perfect breeding ground for bacteria. At time t minutes after it slides
behind the radiator, N , the number of bacteria on the sandwich is given by N = 7500e0.05t .
(a) Find the number of bacteria on the sandwich initially; after 1 minute; after 20 minutes;

after 1 hour.
(b) Use logarithms (base 10) to show that the time taken for the number of bacteria to

double is given by
20 log10 2
log10 e

, and give an approximate value for this in minutes.

3. (a) Suppose y is a function of x . How would you denote the derivative of y with respect
to x?

(b) Suppose instead that y is a constant. How would you denote the derivative of y with
respect to x?

4. [VII–2] Prove that
tan(θ + 45) tan(θ − 45) ≡ 1.

5. Mr Miller enters the programme



x = t2

y = t3 − 3t
into his CNC machine and sets the timer

for 8 seconds. After the 8 seconds have elapsed, an earthquake measuring 8.4 on the
Richter scale occurs causing a larage crack in Mr Miller’s sheet of wood. The crack can be
measured as a straight line with equation y + 2x = 0. Find the coordinates of the points
at which the crack meets the CNC cut.

6. Remember that f ′(x ), the derivative of the function f (x ), may be found by considering
f (x + h) − f (x )

h
.

Hence �nd the derivative of sinx .

7. Find the area bounded by the lines x = 0, y = 0 and y = (2x − 1)4.

0 0.5 10

0.5

1
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8. I’ve left town for the weekend and Martin is having a party. He’s invited Victor the vole,
Suzy the squirrel, Fergus the ferret and Trevor the toad. They decided to stand on the
kitchen �oor so that they form a regular hexagonOMVSFT , with the 6thpoint being Mar-
tin’s mouse holeO . Martin has position vector m and Victor has position vector v, relative
toO . Draw a diagram showing the critters’ positions. Hence �nd the value of Suzy, Fergus
and Trevor in terms of m and v. Wally the wasp joins the party and stands exactly half
way between Suzy and Trevor. Find the position vector of Wally the wasp.
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X
1. Consider your solution to [IX–2 (b)]. Use the change of base formula to simplify the

expression log10 2
log10 e

, giving your answer as a single logarithm. Use the ln button on your

calculator to evaluate ln 2. Compare your answer to log10 2
log10 e

. Describe, as best you can, what
the function ln(x ) represents, and verify your description with a few examples.

2. Recall that the chain rule allows us to di�erentiate a function of a function by �rst di�er-
entiating the ‘outside function’ and by then multiplying by the derivative of the ‘inside
function’. Hence write down, as meaningfully as possible, the derivatives of:
(a) (4x + 11)5;

(b)
(
1 +
√
x
)5

;
(c) (something)5, where ‘something’ is a function of x ;
(d) y5, where y is a function of x .

3. [VII–2] Simplify
(a) sin 3θ cosθ − cos 3θ sinθ ;
(b) cos 5θ cos 3θ + sin 5θ sin 3θ ;
(c) sin2 2θ sin2 θ − cos2 2θ cos2 θ .

4. After the crazy hexagonal party, Martin and Victor become the best of friends. In fact,
Martin and Victor are out on my kitchen �oor right now. Martin is standing at (6, 17) and
Victor is standing (12, 9) Find ���MV ���. Hence show that the triangle OMV is right angled
by using Pythagoras’ theorem.

5. Find the percentage error that results when the small angle approximation for sinθ is
used to approximate sin 0.1, sin 0.2, sin 0.4, and sin 0.8.

6. Use the compound angle formula for sin(A + B) to show that cosx = sin(90 − x ).
Hence use the chain rule and your answer to IX–6 to �nd the derivative of cosx .

7. (a) Write down the derivatives with respect to x of the following.
(i) (2x2 + 3)5

(ii) (2x2 + 3)−3

(iii)
√
2x2 + 3

(b) Hence or otherwise �nd the following:

(i)
∫

x
√
2x2 + 3

dx ;

(ii)
∫
x (2x2 + 3)3 dx ;

(iii)
∫

6x
(2x2 + 3)4

dx .

8. Find
∫ 4
2 e3x dx .
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XI
1. Consider the cheese-and-pickle sandwich from IX–2. Find an expression for the rate of

growth of the number of bacteria,
dN
dt

. Show that
dN
dt
∝ N and explain why this statement

makes sense in the context of the problem.

2. We de�ne lnx = loge x .
Show clearly that the solution to the equation 3ex − 2 = 7 is given by x = ln 3. Explain
what it means to say that this is an exact solution.

3. Explain why we may write that d
dx (y7) = 7y6 dydx .

Write down expressions for: d
dx (y3), d

dx (y9) and d
dx (6y12).

4. (a) Show that if sinA = 3
5 then cosA = ±4

5 .

(b) Given that sinA = 3
5 and cosB = 12

13 , �nd all possible values of cos(A + B).

5. y = (4x2 + 3)7. By letting t = 4x2 + 3 and using the chain rule, �nd
dy
dx

.

6. For two pointsA and B, with coordinates (ax ,ay ) and (bx ,by ) respectively, use Pythagoras’
theorem to show that if angle ]AOB = 90°, axbx + ayby = 0.

7. We can say that the error in the small angle approximation for sinθ is “approximately
cubic”. This means that as θ doubles, the error goes up by a factor of around 8.
Use your answers to X–5 to justify the claim the claim that the error is approximately
cubic.
How would you describe the error in the small angle approximation cosθ ≈ 1 − 1

2x
2?

8. (a) Write down the derivatives of sinx and cosx .
(b) Use the chain rule to �nd

(i) d
dx sin(3x )

(ii) d
dx cos(2x )

(iii) d
dx 3 sin(4x +

1
6π )

(iv) d
dx 2 cos(x

2 + 4x )

9. A curve has gradient function dy
dx = x (x2 − 8)3.

(a) Find the x-coordinates of the curve’s stationary points.
(b) The curve passes through the point (10, 4). Find the equation of the curve.
(c) Hence or otherwise �nd the y-coordinates of the curve’s stationary points.
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XII
1. [XI–2] Solve the following equations, giving your answers in an exact form each time.

(a) 4ex − 6 = 10;
(b) 2e2x = 5;
(c) 3 (e4x+2 − 5) = 15.

2. Find expressions for the following derivatives:
(a) d

dx (x3 + y3);

(b) d
dx (4x3 − 2y4);

(c) d
dx (3x + 5y2)5.

3. Explain why the chain rule
dy
dx
=

dy
dt
×

dt
dx

can be written as
dy
dx
=

dy
dt
÷
dx
dt

.
[XII–3] Show that the gradient function of the curve generated by the parametric equa-

tions x = t3+2t and y = t4 is given by
dy
dx
=

4t3

3t2 + 2
. Hence �nd the gradient of the curve

at the point when t = 2. Give your answer as an exact fraction in its lowest terms.

4. We de�ne
(
ax
ay

)
·

(
bx
by

)
= axbx + ayby to be the scalar product of vectors a and b. Evaluate

the scalar product of the following pairs of vectors.

(a)
(
−1
8

)
·

(
3
2

)
(b)

(
4
0

)
·

(
−2
6

)
5. The parametric vector equation r = a + λd of a straight line is comprised of a position

vector (a), a direction vector (d) and a parameter (λ). Find the parametric vector equation
of the straight line that passes through the point (2, 5) and is perpendicular to the vector(
1
7

)
.

6. The depth of water in a harbour throughout a day may be modelled by the equation
y = 11 + 7 sin( 16πx ), where y is the depth in metres and x is the number of hours since
midnight.
(a) Find the maximum and minimum depth of water in the harbour.
(b) Find the speed at which the water level is falling at 3 AM.

7. Find the following inde�nite integrals:
(a)

∫
cosx dx ;

(b)
∫
sin(2x ) dx ;

(c)
∫

1
2 cos(2x );

(d)
∫
sin( 13x ).

8. Find
∫ 5
4 e2x − 3x2 dx .
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Review Exercise IX—XII
1. Solve the following equations, giving your answers in exact form:

(a) ex + 3 = 7;
(b) 4e3x − 1 = 11;
(c) 2

3e
x + 4 = 8;

(d) 4 + 2
7e
−2x = 1

5 .

2. Evaluate the scalar product of the following pairs of vectors:
(a) (3i − 7j) · (12i + 4j);

(b)
(
1
2 i + 6j

)
·
(
14i − 2

3 j
)
;

(c) (0.2i + 0.4j) · (30i + 15j).

3. Given that cosθ = 3
5 , �nd the exact value of:

(a) secθ ;
(b) cosecθ ;
(c) cotθ .

4. Find the range of the following functions.
(a) a(x ) = 5x2 − 17; −3 6 x 6 3
(b) b (x ) = ex−2; 2 6 x 6 10
(c) c (x ) = x2 + 6x − 16; −3 6 x 6 10

5. For each of the following equations, �nd
dy
dx

.

(a) x2 + y2 = 7
(b) 3x2 + ey = x + 2
(c) (3x4 + 5y2)4 = 4x

6. Simplify
(a) sin 5θ cosθ + cos 5θ sinθ
(b) cos 7θ cos 3θ − sin 7θ sin 3θ

7. Mr Miller places a block of wood on his CNC machine and enters the programme



x = 2t2 − 1
y = 3 (t + 1)

running the programme for 10 seconds. Due to a unscrupulous supplier, the wood con-
tains termites which cause a linear crack with equation 3x −4y = 3. Find the co-ordinates
of the points of intersection between the cut and the crack.

8. Evaluate
∫ 5

2
(e4x + 6) dx .

9. Show clearly that cosecθ − sinθ ≡ cosθ cotθ .
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10. I’m starving one evening and I decide to take a bite of the cheese-and-pickle sandwich
from behind my radiator. The number of bacteria N inside my belly grows according to
the equation N = 300 + 50e0.15t where t is the number of hours since I stupidly ate that
sandwich.
(a) Find the number of bacteria in my belly after 12 hours. Give your answer to 3 signif-

icant �gures.
(b) I have a look on the internet and discover that I will die once the number of sandwich

induced bacteria in my belly reaches 2.5 million. Calculate how many hours I have
left to survive if I take no action. Round your answer to the nearest hour.

(c) After 24 hours I start an intensive course of antibiotics which cause the number of
bacteria in my belly to immediately stop increasing. The bacteria then begin to die
according to the equation N = 2130−20e0.25t , where t is the time in hours from when
I take the �rst antibiotic. After how many hours is my belly now free from that nasty
bacteria?

11. Find the size of the acute angle between the following pairs of vectors. Give your answer
to 1 decimal place.
(a) 5i − j and 3i − 7j
(b) 2

9 i + 5j and 9i − 4
5 j

12. Find a Cartesian equation for the curve given by parametric equations



x = 3 cosθ + 4
y = 5 sinθ − 1

13. Given that cos (x + 15) = sin (x − 75),

(a) Use the compound angle identities to show that cosx =
(
cos 75 + sin 15
cos 15 + sin 75

)
sinx .

(b) Hence show that x = 75.

14. Di�erentiate the following functions with respect to x .
(a) y = e4x−7

(b) y = 5ex2

(c) y = 2
3e

(3x2+11x )3

15. Show clearly that
cosθ

1 + cotθ
≡

sinθ
1 + tanθ

.

16. The series S is given by S = log2 (x2y) + log2 (x4y2) + log2
(
x6y3

)
+ ...

(a) Show that the series is arithmetic.
(b) Find the 100th term of the series.
(c) Find the sum of the �rst 100 terms of the series.
(d) Given that every term of this series is positive, show that x2 < 2

y for S∞ to exist.

(e) Given that x2 < 2
y , �nd S∞.
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